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Abstract
We consider the moduli space of a class of critical metrics on compact manifolds that includes extremal
Kähler metrics. We show that under the conditions of volume and diameter bounds, L
n
2 curvature bounds,
and Sobolev constant bounds, this Moduli space can be compactified by including orbifolds with finitely
many orbifold points. In dimension > 4 these orbifold points are C∞ Riemannian orbifold points, and in
the 4 dimensional extremal Kähler case, they are also of class C∞.
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1. Introduction
A Kähler metric ω on a compact complex manifold is called extremal if the Calabi energy
C(ω) =
∫
M
R2ωn
(R is scalar curvature) is extremized among Kähler forms in a given homology class. The
Euler–Lagrange equations for this operator are Rı¯j¯ = 0, which is equivalent to the vector field
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being holomorphic. Special cases include Kähler Einstein metrics and con-
stant scalar curvature Kähler metrics. Extremal Kähler metrics sometimes exist on manifolds
where no constant scalar curvature metric is possible [6], so the search for canonical metrics
must include extremal Kähler metrics as possible candidates.
In this paper, we study degeneration of noncollapsed extremal Kähler metrics. The extremal
condition is naturally a 6th order equation on the Kähler potential, and its compactness properties
are difficult to study directly. We essentially decompose the extremal condition into a system of
three elliptic equations (cf. Section 2.2)
Rm = Rm∗Rm+∇2 Ric, (1)
Ric = Ric∗Rm+∇X, (2)
X = Ric∗X (3)
where X = ∂¯R, and the “∗” is meant to indicate some linear combination of contractions of
the tensors involved; see Section 2.2 for the complete formulas. A large class of critical metrics
satisfy this coupled system, for instance the previously studied CSC Bach-flat metrics, harmonic
curvature metrics, and Einstein metrics [1,5,24,2,26,27].
We study the compactness of the space M = M(n,CS,Λ,ΛR,ν, δ) of n-dimensional critical
metrics that, in addition to (1), (2), and (3), satisfy
(i) bounded energy: ∫
M
|Rm | n2 Λ;
(ii) scalar curvature bounds: W 2,2(R)ΛR ;
(iii) volume and diameter bounds: VolM  ν, and diam(M) δ;
(iv) the Sobolev constants Cg are uniformly bounded: Cg  CS .
In the extremal Kähler case (ii) comes a priori, as explained in Section 2.3. In the presence of a
Sobolev constant, and upper bound on diameter is equivalent to an upper bound on volume. In
the case of complex surfaces with an extremal Kähler metric all assumptions except (iv) come
a priori. Moreover, there is a large open set of Kähler classes where the Sobolev constant is
a priori bounded for the extremal representatives; cf. Section 2.1. The Sobolev constant referred
to controls the embedding W 1,2 ↪→ L 2nn−2 , which for a compact manifold takes the form
(∫
φ2γ
)1/γ
 C1
∫
|∇φ|2 + A
(VolM)2/n
∫
φ2, (4)
for unitless quantities C1 and A, and where γ = nn−2 and φ ∈ C1. Putting Cg = max(C1,A),
condition (iv) indicates a uniform bound on both C1 and A. Later on we require a simplified
form of the Sobolev inequality,
(∫
φ2γ
)1/γ
 Cg
∫
|∇φ|2, (5)
which easily follows from (4) and Hölder’s inequality, with the assumption that Vol(suppφ) <
Ag/2
√
ν. We use this inequality exclusively in balls of small radius, so we must verify a rela-
tionship between the radii and areas of small balls; we do this in Theorem 4.3. It should be noted
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a domain’s Sobolev constant is a definite multiple of its isoperimetric constant.
We are building upon a substantial literature of prior compactness results. Most recently the
case of CSC Bach-flat, harmonic curvature, and CSC Kähler metrics was considered in [26].
Recent work of Anderson’s [2] provides a study of the theory of orbifold compactness under gen-
eral energy and noncollapsing constraints. These works built on work of Anderson [1], Bando
et al. [5], and Tian [24] on the moduli space of Einstein metrics on 4-manifolds with L2 cur-
vature bounds, which themselves built on work of Cheeger [8], Gromov [16], Uhlenbeck [29],
etc. Progress has also been made on collapsed manifolds that carry a canonical metric; see for
instance [3] and references therein. A substantial advance was recently made in [9] in the collaps-
ing Einstein case. We do not address collapsing issues here, but it seems likely that the picture of
canonical metrics of [3] holds, and we conjecture that the results of [9] hold, mutatis mutandis,
in the extremal Kähler case without a bound on Ricci curvature.
Our main technical results are the following -regularity and removable singularity theorems.
Theorem 1.1. (Cf. Theorem 3.1.) Assume (M,g) ∈ M. When a ∈ [n2 ,∞] and p ∈ {0,1, . . .},
there exists 0 = 0(CS, a,p,n) and C = C(CS, a,p,n) so that
∫
B(o,r)
|Rm | n2  0 implies
( ∫
B(o,r/2)
∣∣∇p Rm∣∣a) 1a  Cr na −p−2( ∫
B(o,r)
|Rm | n2
) 2
n
. (6)
Theorem 1.2. (Cf. Theorems 3.1, 4.2.) Assume Mn is an orbifold, possibly nonreduced, which
has only isolated point-type singularities. Assume further that conditions (i)–(iv) hold and that,
outside the singularities, the metric on M is critical. If n > 4, or if n = 4 and the metric outside
the singularities is extremal Kähler, then Theorem 1.1 holds despite the presence of singularities.
Theorem 1.1 is obtained by Moser iteration, via interactive use of (1), (2), and (3). Our main
theorem is
Theorem 1.3 (Orbifold compactness). (Cf. Theorem 4.4.) Assuming that {(Mα,Jα,ωα)} is a
family of Riemannian manifolds in M, then a subsequence converges in the Gromov–Hausdorff
topology to a compact Riemannian multifold, with C0 Riemannian multifold points. If the metric
is extremal Kähler, the convergence is to an extremal Kähler orbifold with C∞ orbifold points.
There are uniform bounds on the number of singularities, and on the size of any orbifold group.
A multifold point p in a length space is a point with a neighborhood U such that U − {p}
has finitely many components, each of which is diffeomorphic to a deleted standard cone over
S
n−1/Γ , where Γ is a discrete subgroup of SO(n). Such a point is called an orbifold point if
U − {p} is connected. The finite cover of U − {p} for which each component is a neighborhood
of the origin in Rn is called a local orbifold cover of p. An orbifold or multifold point is said to
have some structure (e.g. a differentiable structure, a vector bundle, etc.), if the structure exists at
every smooth point and, after lifting to any local orbifold cover, can be completed. In dimension
n > 4 the Ln/2 bounds on |Rm | suffice to show that the orbifold metric is C∞. The borderline
case is dimension 4, and in the absence of some additional rigidity, the analytic methods presently
known are only strong enough to show that the orbifold metric is continuous [2]. In the extremal
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a certain Harnack inequality, which allows us to use Uhlenbeck’s broken Hodge gauge argument
[29,1,24,7,27] to improve the curvature decay rate.
Remark. In an interesting recent work [7], a corresponding precompactness result for Kähler–
Ricci solitons was derived with the additional assumption of pointwise Ricci curvature bounds.
These bounds on Ricci curvature in [7] can be removed, as in the present case; see [30].
Organization. In Section 2 we consider the steps necessary for attaining moduli space compact-
ness, and establish the analytic lemmas needed to overcome these difficulties. The main technical
work is done in Section 3; in Section 3.1 we prove Theorem 1.1 by verifying the steps of the nec-
essary Moser iteration argument. In Sections 3.2 and 3.3 we prove Theorem 1.2 by proving the
Lp estimates for curvature in neighborhoods of singularities in the cases of dimension n > 4 and
n = 4, respectively.
In Section 4 we give the weak compactness argument. A nontrivial issue is establishing a uni-
form upper bound on local volume ratios. If there is a pointwise lower bound on Ricci curvature,
then this upper bound is automatic from the Bishop–Gromov comparison theorem. We do not
assume such curvature bounds, but with -regularity and noncollapsing we have available argu-
ments from Tian and Viaclovsky [27] and Anderson [2], which provides the necessary bound.
We also state a gap theorem for ALE extremal metrics.
2. Analytic tools
2.1. Uniform bounds on the Sobolev constant
The most immediate natural application of our results is to the special case of complex sur-
faces with Kähler class in the so-called generalized Tian cone. Let us first define
Definition 2.1. The Kähler class ω of a complex surface is in Tian’s cone if
c1(M)
2 − 2
3
(c1(M) · [ω])2
[ω]2 > 0.
A striking observation [25,27] of Tian’s is that a positive cscK metric in the Tian cone au-
tomatically has a uniform Sobelev constant bound. One can modify this to include the case
of extremal Kähler metrics. We say a surface’s Kähler class lies in the generalized Tian cone
if
c1(M)
2 − 2
3
(
(c1(M) · [ω])2
[ω]2 +
1
64π2
‖F‖
)
> 0. (7)
Here ‖F‖ is the operator norm of the Calabi–Futaki invariant [13] in a Mabuchi–Futaki invariant
metric [14]; see [10] for the definition of this norm. More importantly, extremal metrics in this
modified Tian cone also have bounded Sobolev constants, if the Yamabe constant is also non-
negative. These extremal Kähler metrics in a bounded region of the modified Tian cone satisfy
(i)–(iv) a priori.
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(c1 · [ω])2
[ω] · [ω] =
1
32π2
1
Vol
(∫
R
)2
,
c21 =
1
96π2
∫ (
R2 − 12| ˚Ric|2)+ 1
48π2
∫
R2
and if the representative metric happens to be extremal, then
‖F‖ = 2
(∫
R2 − 1
Vol
(∫
R
)2)
.
A glance at the Chern–Gauss–Bonnet formula indicates that
∫
R2 − 12| ˚Ric|2 is a conformal in-
variant on 4-manifolds, so when (7) holds, we get a bound on the square of the Yamabe constant.
It is well known that the Sobolev constant is bounded in the conformal class of a positive Yamabe
constant (see [20] and the references therein), where the constant A in (4) is controlled by the
Yamabe constant and L∞(R). So assuming (7) and a positive Yamabe constant there is abound
on the Sobolev constant. Such a bound holds, for example, on del Pezzo surfaces.
Due to LeBrun and Simanca [19], it is known that the set of Kähler classes which admit
extremal Kähler metrics is open in the Kähler cone. This suggests that it is possible to pursue
the existence of extremal Kähler metrics using the method of continuity, so long as one remains
within the Tian cone. See [11].
2.2. Derivation of the elliptic system
First we show how to derive the elliptic system (1), (2), and (3). We note that (1) holds for
any Riemannian manifold, though the derivation in the Kähler case is simpler. We compute in
unitary frames
Rmij¯ kl¯,mm¯ = Rmij¯ml¯,km¯
= Rmij¯ml¯,m¯k + Rm∗Rm
= Ricij¯ ,l¯k + Rm∗Rm,
and similarly for Rmij¯kl¯,m¯m. Where the exact expression is not important, a linear combination
of traces of tensor products of S and T is simply by S ∗ T . Using this abbreviation we write
Rm = Rm∗Rm+∇∇¯ Ric+∇¯∇ Ric .
For the Ricci tensor we get
Ricij¯ ,mm¯ = Ricmj¯,im¯
= Ricmj¯,m¯i + Rm∗Ric
= R ¯ + Rm∗Ric,,j i
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Ric = Rm∗Ric+∇X.
In the extremal case an elliptic equation exists for X. Recalling that ∇¯X = 0 for extremal metrics,
a commutator formula gives
X,mm¯ = R,i¯mm¯ = −Ricsi¯R,s¯ ,
X = Ric∗X.
Essentially the same computation gives also
∇2X = Rm∗X. (8)
2.3. W 2,2 bounds on scalar curvature
The scalar curvature R of any extremal metric is bounded in terms of the Kähler class. From
this W 2,2(R) bounds follow, regardless of any collapsing condition. Geometrically, the L∞
bound on scalar curvature is a consequence of the scalar curvature being a moment map on
the space of complex structures. A clear geometric interpretation of
∫
M
|∇∇¯R|2 does not seem
to exist however. A natural question is whether all Wk,2 norms of scalar curvature are a priori
bounded.
Proposition 2.2. If M is a compact extremal Kähler manifold with X = ∂¯R, then
∫
M
|X|2  C sup|R|
∫
M
|Ric |2,
∫
M
|∇X|2  C sup|R|2
∫
M
|Ric |2
for a constant C = C(n).
Proof. We use formula (3) in the more specific form R,i¯j j¯ = −Ricki¯R,k¯ and integration by parts.
We have ∫
|∇X|2 = −
∫
R,ı¯j j¯R,i = −
∫
Rickı¯R,k¯R,i
=
∫
Rickı¯,iR,k¯R +
∫
Rickı¯R,k¯iR =
∫
R,kR,k¯R +
∫
Rick,ı¯R,k¯iR

∫
|X|2R + 1
2
∫
|Ric |2R2 + 1
2
∫
|∇X|2,∫
|∇X|2  2
∫
|X|2R +
∫
|Ric |2R2. (9)
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2 = |∇R|2 +RR  |X|2 −R√n|∇X| we get
∫
|X|2 √n
∫
R|∇X|
(
n
∫
R2
) 1
2
(∫
|∇X|2
) 1
2
.
With (9) we get ∫ |X|2  C sup|R| ∫ |Ric |2. 
It is well known that on any Kähler manifold,
∫ |Ric |2 and ∫ |Rm |2 are controlled by ∫ R2
and the classes c1, c2, and [ω]; see [6].
2.4. Analytic lemmas
The results of this section hold for complete manifolds with certain kinds of singular points,
what Anderson [1] calls “curvature singularities.” Specifically,
Definition 2.3. If M is a length space, define the singular set S to be the smallest set such
that M − S is a smooth Riemannian manifold. If S =⋃Ni=0 pj is finite and for each pj there
is an j > 0 and numbers 0 < vj  v¯j with the property that vj rn  VolB(pj , r)  v¯j rn for
0 r < j , then we call M a manifold-with-singularities, and call the pj curvature singularities.
Lemma 2.4 (Sobolev inequality for W 1,2 functions). Assume the Sobolev inequality (∫
U
v2γ )
1
γ 
CS
∫
U
|∇v|2 holds for all domains U with compact closure and disjoint from the singular set,
with VolU  12 VolM if VolM is finite, and with v ∈ C1c (U). Then the Sobolev inequality holds
for functions v ∈ W 1,20 (U) even if U¯ contains curvature singularities.
Proof. See, for instance, the proof of Theorem 5.1 in [5]. 
Pointwise bounds on sectional curvature are required for the Riemannian convergence theo-
rems. Getting these from the L
n
2
-bounds requires the type of Moser iteration used in [1,5,24].
The presence of singularities complicates this, the difficulty being that integration by parts
leaves an uncontrollable residue at singularities. We will prove that the curvature singulari-
ties are “removable,” in the sense that the sectional curvature tensor has pointwise bounds
in a neighborhood of any singular point. The first step is establishing that |Rm | ∈ Lploc for
some p > n/2. A result of [5] is that if |Rm | = O(r−2+α) for any α > 0, one can construct
coordinates with C1,1 bounds on metric components. If one has access to merely C1,α coor-
dinates, one has access to harmonic coordinates [12] and a bootstrapping argument can com-
mence.
The following lemma, due to Sibner [23], allows Moser iteration to go through despite the
presence of singularities. Sibner’s purpose was to prove removable singularity theorems for
Yang–Mills instantons, a problem closely related to ours, although this lemma has been used
several times in the Riemannian setting; for instance [1] and [7]. This lemma is only useful to us
in dimensions higher than 4.
Lemma 2.5 (Sibner’s Lemma: uk ∈ L2 implies ∇uk ∈ L2). Assume 2-sided volume growth
bounds, Sobolev constant bounds, and u  −f u where f ∈ Ln/2(B − {o}) and u  0. There
exists an 0 > 0 so that if suppη ⊂ B , then
∫ |f |n/2 < 0 impliessuppη
1314 X. Chen, B. Weber / Advances in Mathematics 226 (2011) 1307–1330
∫
η2
∣∣∇uk∣∣2  C ∫ |∇η|2∣∣uk∣∣2 (10)
whenever k > 12
n
n−2 .
Proposition 2.6 (Lp-regularity). Assume u  −f u − g, u  0 in B − {o}, with f,g ∈
Ln/2(B − {o}), and assume 2-sided volume growth bounds at the singular point and a fi-
nite Sobolev constant. If u ∈ Lq(B − {o}) for some q > n
n−2 , then u ∈ Lp(B − {o}) for all
p ∈ [q,∞]. Explicitly, with p > q > n
n−2 , there exists 0 = 0(p, q,CS), C = C(p,q,CS,n) so
that
∫
B(o,r)
f
n
2  0 implies
( ∫
B(o,r/2)
up
) 1
p
 Cr
n
p
− n
q
( ∫
B(o,r)
uq
) 1
q +Cr np
( ∫
B(o,r)
g
n
2
) 2
n
. (11)
Proof. We must pay special attention to any use of integration by parts; otherwise the argument
is standard. Replace u by u+α‖g‖ and f by f + 1
α
g
‖g‖ , where ‖ · ‖ indicates the L
n
2
-norm in the
ball B(o, r), and where α is a number to be chosen later. Then u−f u. Sobolev’s inequality
gives
(∫ (
η2up
) n
n−2
) n−2
n
 CS
∫
|∇η|2up +CS
∫
η2
∣∣∇up2 ∣∣2.
If ‖f ‖ is small compared to CS and p (this requires choosing α), we can use (10) to get
(∫ (
η2up
) n
n−2
) n−2
n
 C
∫
|∇η|2up (12)
where C = C(p,CS). Iterating this inequality will give u ∈ Lp for all q  p < ∞. With u ∈ Lploc
for all p, the standard Moser iteration process can be carried out without change. 
3. Regularity of sectional curvature
In this section we state our main curvature estimates, Theorem 3.1, which provides the local
L∞ estimates on sectional curvature and its derivatives necessary for Gromov–Hausdorff con-
vergence. The full proof of Theorem 3.1 is a technically involved induction argument, an in fact
we go through all of the details for (13), (14), and (15) only when q = 0, and for (13) and (14)
when q = 1. This is enough for the C∞ convergence theorem to go through, where additional
regularity can be obtained when working in harmonic coordinates. This is explained at the end of
Section 4. For the remaining cases we give an outline of how an induction argument will obtain
the result. The subject of Sections 3.2 and 3.3 is to prove (13), (14), and (15) on balls that may
contain singular points.
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Theorem 3.1. Assume g is a Riemannian metric that satisfies (i)–(iv). When p ∈ [n2 ,∞], and
q ∈ {0,1, . . .}, there exists 0 = 0(CS, a, q,n) and C = C(CS, a, q,n) so that
∫
B(o,r)
|Rm | n2 
0 implies
( ∫
B(o,r/2)
∣∣∇qX∣∣p) 1p  Cr np − n2 −q−1( ∫
B(o,r)
|R|2
) 1
2
, (13)
( ∫
B(o,r/2)
∣∣∇q Ric∣∣p) 1p  Cr np −q−2( ∫
B(o,r)
|Ric | n2
) 2
n
, (14)
( ∫
B(o,r/2)
∣∣∇q Rm∣∣p) 1p  Cr np −q−2( ∫
B(o,r)
|Rm | n2
) 2
n
. (15)
If n > 4 these estimates hold on a manifold-with-singularities. If n = 4 and the metric is extremal
Kähler, these estimates hold on a manifold-with-singularities.
Proof. In this section we treat the smooth case only.
Estimation of L2loc(|∇X|) in terms of L2loc(|X|).
Integration-by-parts and Hölder’s inequality give
∫
φ2|∇X|2  2
∫
|∇φ|2|X|2 − 2
∫
φ2 Ric(X,X). (16)
Using Hölder’s inequality
∫
φ2 Ric(X,X)  (
∫ |Ric | n2 ) 2n (∫ φ2γ |X|2γ ) 1γ and the Sobolev’s in-
equality, we have
(∫
φ2γ |X|2γ
) 1
γ
 CS
∫
|∇φ|2|X|2 +CS
∫
φ2|∇X|2,
so altogether
∫
φ2|∇X|2  2
∫
|∇φ|2|X|2 + 2CS
(∫
|Ric | n2
) 2
n
(
4
∫
|∇φ|2|X|2 +
∫
φ2|∇X|2
)
(17)
so that
∫ |Ric | n2 < 0 gives ∫ φ2|∇X|2  C ∫ |∇φ|2|X|2 where  and C depend on CS . Inciden-
tally, after letting 0 be even smaller, this also gives∫
φ2 Ric(X,X) 1
∫
|∇φ|2|X|2. (18)2
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Integration-by-parts and Hölder’s inequality give
∫
φ2|X|2  2
∫
|∇φ|2R2 + 2
(∫
R2
) 1
2
(∫
φ4|R|2
) 1
2
.
Then using |R|2 = R,mm¯R,kk¯ and a commutator formula we get∫
φ4|R|2  16
∫
φ2|∇φ|2|X|2 + 2
∫
φ4 Ric(X,X).
Using (18) with φ2 replacing φ, we get ∫ φ4|R|2  C ∫ φ2|∇φ|2|X|2, so that
∫
φ2|X|2  C
∫
|∇φ|2R2 +C
(∫
R2
) 1
2
(∫
φ2|∇φ|2|X|2
) 1
2
. (19)
Now we can choose a cutoff function φ  0 with support in the ball B(r), with φ ≡ 1 in B(r/2),
and with |∇φ| 2/r . Then ∫
B(p,r/2)
|X|2  Cr−2
∫
B(r)
R2. (20)
Now (13) follows from (3) and Theorem 2.6.
Estimation of Lp(|∇X|) for p ∈ [2, n], and of Lp(|Ric |) for p ∈ [n2 ,∞].
An integration-by-parts argument gives∫
φk|∇X|k =
∫
φk|∇X|k−2|∇X|2
= −k
∫
φk−2|∇X|k−1〈∇X,X ⊗ ∇φ〉 −
∫
φk|∇X|k−2〈X,X〉
− (k − 2)
∫
φk|∇X|k−4〈〈∇2X,∇X〉, 〈∇X,X〉〉.
Using X = Ric∗X and ∇2X = Rm∗X we get∫
φk|∇X|k  C
∫
|∇φ|k|X|k +C
∫
φk|∇X|k−2|X|2|Rm |
 C
∫
|∇φ|k|X|k +C
(∫
φn|X|n|Rm | n2
) 2
n
(∫
φ(k−2)γ |∇X|(k−2)γ
) 1
γ
. (21)
The use of ∇2X = Rm∗X is convenient but not essential. If k  n we can estimate the L(k−2)γ -
norm of φ|∇X| in terms of the Lk-norm of φ|∇X|, and using the L∞-bounds on |X|, the right
X. Chen, B. Weber / Advances in Mathematics 226 (2011) 1307–1330 1317side of (21) can be recombined with the left side, and we get the stated estimate. In particular
∇X ∈ Ln/2, so that (14) follows from (2) and Theorem 2.6.
Estimation of Lp(|Rm |) for p ∈ [2,∞].
The Sobolev inequality gives
(∫
φkγ |Rm |kγ
) 1
γ
 C
∫
φk−2|∇φ|2|Rm |k +C
∫
φk|Rm |k−2|∇ Rm |2.
Integration-by-parts on the final term yields
∫
φk|Rm |k−2|∇ Rm |2  C
∫
φk−2|∇φ|2|Rm |k +C
∫
φk|Rm |k−2〈Rm,Rm〉.
With Eq. (1) the last term becomes ∫ φk|Rm |k−2〈Rm,Rm∗Rm+∇2 Ric〉. Using another
integration-by-parts, the using the Bianchi identity (in schematic form) δ Rm = ∇ Ric, and
Hölder’s inequality, we get
∫
φk|Rm |k−2〈Rm,∇2 Ric〉
 C
∫
φk−2|∇φ|2|Rm |k +C
∫
φk|Rm |k−2|∇ Ric |2 + 1
2C
∫
φk|Rm |k−2|∇ Rm |2
so that ∫
φk|Rm |k−2|∇ Rm |2
 C
∫
φk−2|∇φ|2|Rm |k +C
∫
φk|Rm |k+1 +C
∫
φk|Rm |k−2|∇ Ric |2.
On the last term we use the same process to get
∫
φk|Rm |k−2|∇ Ric |2
 C2
∫
φk−2|∇φ|2|Rm |k−2|Ric |2 −C2
∫
φk|Rm |k−2〈Ric,Ric〉
+ 1
2C
∫
φk|Rm |k−2|∇ Rm |2,
so that with Eq. (2) we get
∫
φk|Rm |k−2|∇ Rm |2
 C
∫
φk−2|∇φ|2|Rm |k +C
∫
φk|Rm |k+1 +C
∫
φk|Rm |k−2∣∣〈Ric,∇X〉∣∣.
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term. Likewise the term with |〈Ric,∇X〉| can be estimated using (13) and (14), so we get
(∫
φk|Rm |kγ
) 1
γ
 C
∫
φk−2|∇φ|2|Rm |k, (22)∫
φk|Rm |k−2|∇ Rm |2  C
∫
φk−2|∇φ|2|Rm |k. (23)
Moser’s iteration process can be completed using just (22).
Estimation of Lp(|∇X|) and Lp(|∇ Ric |) for p ∈ [2,∞].
A commutator formula and the fact that R,ı¯j¯ = 0 provides ∇X = ∇(Rm∗X). Now that we
have |Rm | ∈ L∞ and |X| ∈ L∞, in particular that Rm∗X ∈ Ln, so standard Moser iteration pro-
vides the required estimate for ∇X (see [15]). Similarly a commutator formula gives ∇ Ric =
∇(Rm∗Ric+∇X) + Rm∗∇ Ric. Then with Rm∗Ric+∇X ∈ Ln and Rm ∈ Ln/2, Moser itera-
tion gives the estimate for |∇ Ric |. Finally ∇ Ric ∈ Ln and Rm = Rm∗Rm+∇2 Ric implies
the required L∞ estimate on |Rm |.
Estimates for q  1.
First we note a common commutator formula (e.g. [26]). If T is any tensor, then
[
,∇p]T = p−1∑
i=0
∇ i Rm∗∇p−iT +
q∑
i=1
∇ Ric∗∇p−iT . (24)
Therefore
∇p Rm =
p∑
i=0
∇ i Rm∗∇p−i Rm+∇p+2 Ric,
so

∣∣∇p Rm∣∣−C|Rm |∣∣∇p Rm∣∣−C p−1∑
i=1
∣∣∇ i Rm∣∣∣∣∇p−i Rm∣∣−C∣∣∇p+2 Ric∣∣.
With u = |∇p Rm |, f = C|Rm |, g1 = C∑p−1i=1 |∇ i Rm ||∇p−i Rm |, and g2 = C|∇p+2 Ric |, we
get the elliptic inequality
u−f u− g1 − g2. (25)
An induction argument proceeds by assuming Theorem 3.1 holds for p−1, which implies f,g1 ∈
Ln/2. To use the standard regularity theory, one must prove that |∇p+1 Ric | ∈ Ln. This in turn
requires proving |∇p Ric | ∈ Lp′ for p′ ∈ [n2 ,∞], which requires the formula (24) again, and that
∇p+1X ∈ Ln. This can be proven using the commutator formula twice more, and the induction
assumption that ∇p−1X ∈ Lp′ , p′ ∈ [n2 ,∞]. 
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Here we prove Proposition 3.1 in the cases where B(o, r) has a curvature singularity at o,
and the dimension satisfies n > 4. The proofs in this section follow along the general pattern
of Theorem 3.1. The main difficulty is that the elliptic inequalities must hold weakly on the ball
despite the puncture, or equivalently that integration by parts holds when a singularity exists. Due
to Sibner’s lemma this is possible in real dimension 5 and higher, and just fails in dimension 4.
Lemma 3.2. Assume M is a manifold-with-singularities. There exist 0 = 0(n, k,CS) and
C = C(n, k,CS) so that
∫
B(o,r)
|Ric | n2  0 implies
( ∫
B(o,r/2)
|X|k
) 1
k
 Cr nk − n2 −1
( ∫
B(o,r)
|R|2
)2
.
Proof. We repeat the argument from Theorem 3.1, justifying each use of integration-by-parts.
Estimation of L2(|∇X|) in terms of L2(|X|).
With the assumed W 1,2 bounds on X, Proposition 2.6 still gives
( ∫
B(o,r/2)
|X|p
) 1
p
< Cr
n
p
− n2
( ∫
B(o,r)
|X|2
) 1
2
(26)
for p ∈ [n2 ,∞]. Let φ be a cutoff function that is zero in a neighborhood of the singularity.
Consider the equality (16)
∫
φ2|∇X|2 = −2
∫
φ〈∇X,X ⊗ ∇φ〉 +
∫
φ2 Ric(X,X).
We have a uniform upper bound on R, and from Theorem 3.1 we know that R = o(r−4)
near the singularities. Thus in dimension higher than 4 the second term on the right is integrable
despite the singularity. For the first term, consider the estimate
∣∣∣∣
∫
φ〈∇X,X ⊗ ∇φ〉
∣∣∣∣ sup|X|
(∫
|∇φ|n
) 1
n
( ∫
supp∇φφr
|∇X| nn−1
) n−1
n
. (27)
Now replace the cutoff function φ by φφr where φr ≡ 1 outside B(o, r), φr ≡ 0 inside B(o, r/2),
and |∇φr | < 4r . Taking a limit as r → 0, we have that
∫ |∇(φφr)|n is bounded regardless of r .
Theorem 3.1 and the L2 bound on R implies |∇X| = o(r−4) near singularities, although this can
be improved to o(r−1) by using the L∞ bound on |X| in (26). Therefore ∫supp∇φr |∇X| nn−1 limits
to zero as r → 0. Now the dominated convergence theorem shows that (27) is finite despite the
presence of a singularity.
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The boundedness of |X| and R across the singularity justifies the necessary integration-by-
parts operations here.
Estimation of Lp(|∇X|) for p ∈ [2, n], and of Lp(|Ric |) for p ∈ [n2 ,∞].
Of course (21) if the cutoff function is zero across any singularity. Since X ∈ L∞, then re-
placing φ with φφr and taking a limit as r ↘ 0, the term
∫ |∇(φφr)|k|X|k converges. Now
Proposition 2.6 gives |Ric | ∈ L∞.
Estimation of Lp(|Rm |) for p ∈ [2,∞].
With Ric ∈ L∞, (14) gives |∇2 Ric | = o(r−2) near singularities. This implies |∇2 Ric | ∈
L
n
2 − for any  > 0. Since n2 >
n
n−2 when n > 4, Theorem 2.6 gives the required estimates.
Estimation of Lp(|∇X|) and Lp(|∇ Ric |) for p ∈ [2,∞].
With Rm ∈ L∞, (15) gives |∇ Rm | = o(r−1) near singularities so that |∇ Rm | ∈ L nn−2 for
n > 4, and (13) gives |∇2X| = o(r−3) near singularities. Using (26) we can get |∇2X| = o(r−2),
so that ∇2X ∈ L nn−2 for n > 4. Since ∇X = ∇(Rm∗X) and ∇ Ric = ∇(Rm∗Ric+∇X) +
Rm∗∇ Ric, Theorem 2.6 gives the conclusion.
Estimates for q  1.
We have |Rm | bounded near the singularity. This allows the construction of C1,1 coordinates,
using the method of [5], p. 342. The existence of C1,1 coordinates guarantees the existence of
harmonic coordinates [12], and we have the first equation of the system
(gij ) = Ricij +Q(g, ∂g), (28)
Ric = Rm∗Ric+∇X, (29)
X = Ric∗X. (30)
A bootstrapping argument now commences, first using the Lp theory and then the Schauder
theory, and we obtain g ∈ C∞. Since g is smooth, the argument from Section 3.1 goes through
unchanged. 
3.3. Estimates at the singularities, n = 4
In this section we prove that |Rm | ∈ Lp for some p > 2 in a neighborhood of any singular-
ity, after which Theorem 2.6 can be used as before. Our main tool is Uhlenbeck’s method of
gauge fixing, along with some formulas for characteristic classes in dimension 4. Let B∗(r) =
Bo(r) − {o} denote a ball with
∫ |Rm |2 < . Let A(x, y) = Bo(y) − Bo(x) be an annulus. We
first prove a pair of Harnack-type inequalities.
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with R ∈ W 2,2 and ∫
B∗(r)|Rm |2 < 0, then
∫
A(r/2,r)
|R|2  μ
∫
B∗(r)
|R|2. (31)
Proof. This is a consequence of (3) holding weakly across the singularity. We take 0 as in
Theorem 3.1. The Poincaré inequality gives
VolB(r)−
1
2
∫
φ2R2  CS
∫
|∇φ|2R2 +CS
∫
φ2|X|2, (32)
where suppφ ⊂ B(r). Since |X| ∈ W 1,2 Sobolev embedding gives |X| ∈ L4, so we can use (3)
and Proposition 2.6 to get |X| ∈ L∞(B∗(r/2)). Integration-by-parts works, so
∫
φ2|X|2 
∫
|∇φ|2R2 +
(∫
φ2R2
) 1
2
(∫
φ2|R|2
) 1
2
(33)
just as in the argument leading up to (19). As we did there, we can use integration-by-parts and
the identity R,iı¯j¯ = Ricij¯ R,jR,ı¯ to get
∫
φ2|R|2 < ∫ |∇φ|2|X|2. Therefore (33) becomes
∫
φ2|X|2 
∫
|∇φ|2R2 +μr−2
∫
φ2R2 + 3
2
μ−1r2
∫
|∇φ|2|X|2.
Putting this back into (32) and choosing μ small enough gives
∫
φ2R2  Cr2
∫
|∇φ|2R2 +Cr4
∫
|∇φ|2|X|2,∫
φ2|X|2  C
∫
|∇φ|2R2 +Cr2
∫
|∇φ|2|X|2. (34)
Assuming supp∇φ ⊂ A(5r/8,7r/8) and |∇φ| < 16r−1 we have
VolB∗(r)
1
2
∫
|∇φ|2|X|2 
∫
A(5r/8,7r/8)
|X|2  r−2
∫
A(r/2,r)
|R|2
by (13). Now (32) gives the required conclusion. 
Lemma 3.4. There exist numbers 0,μ > 0 so that when g is an extremal Kähler metric in B∗(r)
with R ∈ W 2,2 and ∫
B∗(r)|Rm |2 < 0, then
∫
A(r/2,r)
|Rm |2  μ
∫
B∗(r)
|Rm |2. (35)
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of numbers μi ↘ 0 such that examples exist with
∫
A(r/2,r)|Rm |2 < μi
∫
B∗(r)|Rm |2. Scale so
that r = 1. Using 8π2Pχ = 112R2 − 12 | ˚Ric|2 + |W−|2 and 12π2Pτ = 124R2 − |W−|2, the Chern–
Gauss–Bonnet and Atiyah–Patodi–Singer formulae in the Kähler case give
0 =
∫
A(δ,7/8)
Pχ +
∫
∂A(δ,7/8)
T Pχ , (36)
0 =
∫
A(δ,7/8)
Pτ +
∫
∂A(δ,7/8)
T Pτ + η∂Bo(7/8) − η∂Bo(δ) (37)
where δ is some positive number, η∂Bo(1) and η∂Bo(δ) are the respective η-invariants, and T Pχ ,
T Pτ are the transgression forms.
As we let δ → 0, the two inner boundary integrals and the inner η-invariant converge to
the values of their respective counterparts on the round sphere. This is because these quantities
are scale-invariant, so as δ → 0, we can scale the sets ∂Bo(δ) are up to radius 1. The hypoth-
esis that |Rm | = o(r−2) implies that these sets converge in the C∞ sense to round spheres.
The assertion follows by noting that these functionals are all continuous functions of the met-
ric [4].
Before we consider the functionals on the outer sphere we make a few observations. Note that
with
∫
A(1/2,1)|Rm |2 < μi0, we have |Rm |  μ
1
2
i on A(5/8,7/8), after possibly choosing 0
smaller. The metric g on A(5/8,7/8) is therefore Ck,α-close to a flat metric gE on a coordinate
annulus. Let g˜ be the metric on A(1/2,1) with g˜ = g on A(7/8,1), g˜ = gE on A(1/2,5/8), and
g˜ = f (r)g + (1 − f (r))gE on A(5/8,7/8) where f ∈ C∞ is 1 outside Bo(7/8), 0 in B∗(5/8),
and has |f ′|, |f ′′| < 100.
We now prove that
∫
A(1/2,1) |R˜m|2 < C
∫
A(1/2,1)|Rm |2 for some C = C(|f ′|, |f ′′|). If not,
there are metrics gi and numbers Ci → ∞ with
∫
A(1/2,1)|Rmi |2 < 0 but
∫
A(1/2,1) |R˜mi |2 >
Ci
∫
A(1/2,1)|Rmi |2. Using Theorem 3.1 we can prove that some point of A = A(5/8,7/8) has
|R˜mi | much larger than supA|Rmi |:
V˜ol(A) sup
A
|R˜mi |2 
∫
A
|R˜mi |2
 Ci
∫
A
|Rmi |2  CCi Vol(A) sup
A
|Rmi |2.
The last inequality is implied by Theorem 3.1, and we also have V˜ol(A) → Vol(A). Scaling
so supA |R˜mi | = 1, we still have that supA|Rmi |2 < C−1C−1i ↘ 0, so gi converges in the C∞
sense to a flat metric on A. Therefore g˜i = f (r)g + (1 − f (r))gE converges in the C∞ sense to
a flat metric, which contradicts supA |R˜mi | = 1.
This allows us to control the outer boundary terms of (36) and (37) in terms of the L2-norm
of curvature in the annulus. Namely, applying Chern–Gauss–Bonnet and Atiyah–Patodi–Singer
to the metric g˜,
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∣∣∣∣
∫
∂Bo(
7
8 )
T Pτ + η∂Bo( 78 ) −
∫
∂Bo(
5
8 )
T Pτ,Euc − ηS3
∣∣∣∣
= 1
12π2
∣∣∣∣
∫
A( 58 , 78 )
|W˜+|2 − |W˜−|2
∣∣∣∣ C
∫
A( 58 , 78 )
|Rm |2,
∣∣∣∣
∫
∂Bo(
7
8 )
T Pχ −
∫
∂Bo(
5
8 )
T Pχ,Euc
∣∣∣∣= 18π2
∣∣∣∣
∫
A( 58 , 78 )
1
24
R˜2 − 1
2
|˜˚Ric|2 + |W˜ |2∣∣∣∣ C
∫
A( 58 , 78 )
|Rm |2.
Therefore (36) and (37) give
∫
B∗( 78 )
|W−|2  1
24
∫
B∗o ( 78 )
R2 +C
∫
A( 58 , 78 )
|Rm |2, (38)
1
2
∫
B∗( 78 )
| ˚Ric|2 
∫
B∗( 78 )
(
1
12
R2 + |W−|2
)
+C
∫
A( 58 , 78 )
|Rm |2. (39)
Adding up the integrals of the three curvature components on B∗( 78 ) now gives us
∫
B∗( 78 )
|Rm |2  C
∫
B∗( 78 )
R2 +C
∫
A( 58 , 78 )
|Rm |2. (40)
Therefore using Lemma 3.3 we now have
∫
B∗( 78 )
|Rm |2  C
∫
A( 58 , 78 )
|Rm |2  Cμi
∫
B∗(1)
|Rm |2, (41)
where C = C(μ). This contradiction establishes the lemma. 
We require more specific information about
∫
φ2|∇ Ric |2 than we can obtain from Theo-
rem 3.1, so we prove
Lemma 3.5. There exists numbers 0 > 0, C < ∞ so that if φ ∈ C∞, suppφ consists of smooth
points, and
∫
suppφ |Rm |2 < 0 then
∫
φ2|Ric |2  C
∫
|∇φ|2|Ric |2 +C√Vol suppφ ∫ |∇φ|2|X|2. (42)
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∫
φ2|∇ Ric |2 = 2
∫
φ〈∇ Ric,∇φ ⊗ Ric〉 +
∫
φ2〈Ric,Ric〉,
∫
φ2|∇ Ric |2  4
∫
|∇φ|2|Ric |2 +
∫
φ2|Ric |2|Rm | +
∫
φ2〈Ric,∇X〉.
With the Sobolev inequality we estimate
∫
φ2|Ric |2|Rm |
(∫
φ4|Ric |4
) 1
2
( ∫
suppφ
|Rm |2
) 1
2
,
(∫
φ4|Ric |4
) 1
2
 C
∫
|∇φ|2|Ric |2 +C
∫
φ2|∇ Ric |2.
Therefore when 0 small compared to the Sobolev constant,
∫
φ2|∇ Ric |2 = 10
∫
|∇φ|2|Ric |2 + 2
∫
φ2〈Ric,∇X〉.
Working with the last term we get
∫
φ2〈Ric,∇X〉 = 2
∫
φ〈Ric,X ⊗ ∇φ〉 +
∫
φ2〈δ Ric,X〉,
∫
φ2〈Ric,∇X〉
∫
|∇φ|2|Ric |2 + 2
∫
φ2|X|2.
Then setting r = 4√Vol suppφ and using (34), we get
∫
φ2〈Ric,∇X〉 C
∫
|∇φ|2|Ric |2 +C
∫
|∇φ|2R2 +C√Vol suppφ ∫ |∇φ|2|X|2.
With |R|2  n|Ric |2 we have finally
∫
φ2|∇ Ric |2  C
∫
|∇φ|2|Ric |2 +C√Vol suppφ ∫ |∇φ|2|X|2. 
If 0 is small enough then we can work in Uhlenbeck’s Hodge gauge, meaning there is a
g-valued 1-form A on A(r/4,2r) ⊂ B∗ so that F = dA+ 12 [A,A] and d∗A = 0, and with appro-
priate boundary conditions. The following lemma is essentially due to Uhlenbeck [29]; a version
can also be found in Tian [24].
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sup
A(r/4,r/2)
|A| Cr sup
A(r/4,r/2)
|Rm |, (43)
sup
A(r,2r)
|A| Cr sup
A(r,2r)
|Rm |, (44)
∫
A(r/4,r/2)
|A|2  Cr2
∫
A(r/4,r/2)
|Rm |2, (45)
∫
A(r,2r)
|A|2  Cr2
∫
A(r,2r)
|Rm |2. (46)
Proof. This can be proved exactly as in [24], except we apply the estimates to both inner and
outer regions of the annulus. 
Theorem 3.7. Assume g is an extremal Kähler metric in a punctured ball B∗(r) of dimension 4.
Given μ> 0 there is an  > 0 so that
∫
B∗(r)|Rm |2 < 0 implies∫
A(r/2,r)
|Rm |2  C
∫
A(r/4,r/2)
|Rm |2 +C
∫
A(r,2r)
|Rm |2. (47)
Proof. We can scale so r = 1. We have
F = dA+ 1
2
[A,A] = DA− 1
2
[A,A]. (48)
Choosing an appropriate cutoff function we have
∫
φ2|F |2 =
∫
φ2〈DA,F 〉 − 1
2
∫
φ2
〈[A,A],F 〉
=
∫ 〈
dφ2 ⊗A,F 〉+ ∫ φ2〈A,D∗F 〉− 1
2
∫
φ2
〈[A,A],F 〉,∫
φ2|F |2  4
∫
|dφ|2|A|2 + 2
∫
φ2|A|2|F | + 2
∫
φ2
〈
A,D∗F
〉
. (49)
If sup|A| is small, we the Sobolev inequality easily gives
(∫
φ4|A|4
) 1
2
 C
∫
φ2|F |2 +C
∫
|∇φ|2|A|2. (50)
Therefore using
∫
φ2|A|2|F | (∫ φ4|A|4) 12 (∫ |F |2) 12 and assuming ∫
B∗(1) |F |2 < 12C , we have∫
φ2|F |2  10
∫
|∇φ|2|A|2 + 4
∫
φ2
〈
A,D∗F
〉
. (51)
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∫
φ2|F |2  8
∫
|∇φ|2|A|2 + 2
(∫
φ4|A|4
) 1
4
(∫
φ
4
3 |∇ Ric | 43
) 3
4
.
Now we estimate
∫
φ
4
3 |∇ Ric | 34 . We have
(∫
φ
4
3 |∇ Ric | 43
) 3
4
 r
(∫
φ2|∇ Ric |2
) 1
2
,
so using (50), Lemma 3.5, and a Hölder inequality gives∫
φ2|F |2  C
∫
|∇φ|2|A|2 +Cr2
∫
|∇φ|2|Ric |2 +Cr4
∫
|∇φ|2|X|2.
Now we choose the cutoff function φ so that φ ≡ 1 in A( 12 r, r), so φ ≡ 0 outside A( 14 r,2r), and
so supp∇φ ⊂ A( 516 r, 716 r) ∪ A( 54 r, 74 r) and |∇φ| < 16r−1. By Theorem 3.1 and Lemma 3.6 we
get the result. 
Theorem 3.8. Assume g is an extremal Kähler metric on B∗(r) with R ∈ W 2,2 and∫
B∗(r)|Rm |2 < . There exists a number δ > 0 so that |Rm | = O(r−2+δ).
Proof. Scale so r = 1 and put βi =
∫
B∗(2−i )|Rm |2. By the previous lemma
βi − βi+1  C(βi−1 − βi)+C(βi+1 − βi+2).
Rearranging, we have βi+2  βi−1 − (1 + 1C )(βi − βi+1). Lemma 3.4 gives βi − βi+1 > μβi >
μβi+2 and so (
1 +μ
(
1 + 1
C
))
βi+2  βi−1.
Defining δ by 2−3δ = (1 + μ(1 + C−1))−1 and iterating gives β3k  2−3kδβ0. If ρ ∈
(2−3i−3,2−3i] then
|Rm |(ρ) C26i
( ∫
B∗(23i )
|Rm |2
) 1
2
 26i2−3δi  Cρ−2+δ. 
Completion of the proof of Theorem 3.1. In the 4-dimensional case we have |Rm | = O(r−2+s)
near the singularity. As in the case of n > 4, the construction of [5] gives C1,1 across the singular-
ity, so we have available the use of harmonic coordinates. This provides us with the elliptic (28),
(29), and (30), with which a bootstrapping argument is possible. We again obtain g ∈ C∞. Since
g is smooth, the argument from Section 3.1 goes through unchanged. 
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improving the curvature decay rate at infinity, namely that
|Rm | = O(r−2−s) (52)
as r → ∞, for some s > 0. This can be done using the method of proof of Theorem 3.8, except
using annuli that extend out to infinity instead of in toward a singularity.
4. Orbifold compactness
A complete manifold is said to be asymptotically locally Euclidean (ALE) if there exists a
compact set K ⊂ M so that each component of M − K is diffeomorphic to (Rn − B)/Γ for
some ball B ∈Rn and some subgroup Γ ⊂ SO(n) (depending on the end), and so that under this
identification, the metric components satisfy
gij = δij + o(1),
∂k(gij ) = o
(
r−k
)
,
where ∂k indicates any partial derivative of order k. We work with a family {(Mα,gα, xα)}α∈A
of compact, pointed n-dimensional Riemannian manifolds that have, in addition to the elliptic
system and conditions (i)–(iv) of the introduction, the condition
(v) Upper bound on local volume growth: Volgα B(p, r) v¯rn for 0 r  1.
Due to the Bishop–Gromov comparison theorems, the phenomenon of “expansion,” which this
assumption rules out, can only occur in the presence of substantial Ricci curvature. Condi-
tions (i)–(iv) provide at least some way of controlling curvature, so it stands to reason that (v)
is superfluous. It is shown in Theorem 4.3 that this is in fact the case, although we have some
work to do before that. Note that assumption (v) renders the distinction between the two Sobolev
inequalities (4), (5) irrelevant on balls of small radius.
Proposition 4.1. Let M = {(Mα,gα, xα)}α∈A be a family of pointed, compact Rieman-
nian manifolds that satisfy conditions (i)–(v). Then a subsequence converges in the pointed
Gromov–Hausdorff topology to a complete pointed Riemannian manifold-with-singularities
(M∞, g∞, x∞) with at most Λ/0 singularities. The convergence is in the C∞ sense away from
the singularities.
Proof. This argument appears frequently in the literature and we will omit it; see for instance
[1,5,24], and [26]. 
In the case where the metrics in M are extremal Kähler, we can prove
Proposition 4.2. Assume M is a Riemannian manifold-with-singularities that is a Gromov–
Hausdorff limit of some sequence of extremal Kähler metrics in M. Then the metric on M is
extremal Kähler, the convergence is in the C∞-sense away from singular points, and the singu-
larities are (reduced) C∞ Riemannian orbifold points. The cardinality of any orbifold group Γ
has a bound |Γ | C(CS).
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disconnected. Due to results of Li–Tam, it is impossible that N − {o} is disconnected. If it were,
a blow-up limit would give an ALE Kähler manifold (with possible orbifold singularities) with
more than one end. ALE ends are necessarily nonparabolic (Theorem 1.4 of [17], Theorem 1.9
of [22]), so due to Theorem 4.1 of [21] there can be just one end.
The arguments of [26] or [2] on tangent cones at infinity apply equally well to tangent cones to
singular points, and since |Rm | ∈ L
n
2
loc and -regularity is valid we have access to these results.
Thus N¯ has a unique tangent cone at o that is diffeomorphic (in the orbifold sense) to Rn/Γ
where Γ is an isometric group acting on R with fixed point set {o}. Since the Sobolev inequality
holds on N¯ there are local volume growth lower bounds. Thus is a bound on the cardinality |Γ |
of the orbifold group that depends only on n and CS . By Theorem 3.1, the orbifold points are of
class C∞.
Since the tensor J is harmonic (indeed, covariant constant) and of bounded norm, its lift will
extend smoothly over the deleted point. This completed complex structure is integrable, as the
Nijenhuis tensor must clearly vanish everywhere. Obviously also R,i¯j¯ = 0 at the singular point,
since this is the case outside the singularity and R is smooth. 
Finally we are able to complete the proof of Theorem 4.4, showing that condition (v) follows
from the other assumptions. In the following theorem, either form of the Sobolev constant (4),
(5) is acceptable.
Theorem 4.3 (Upper bound on volume growth). Let (Mλ,gλ)λ∈A be a family of compact, ex-
tremal Kähler manifolds. Assume conditions (i)–(iv) hold. Then there exists an upper bound on
the volume ratio that depends on ν, δ, Λ, and the Sobolev constant.
Proof. We sketch the proof from [27,2], to verify its applicability in our case. Assume one has
a sequence of manifolds Mi each of which has a ball Bi = B(oi, ri) so that r−ni B(oi, ri) is
unbounded. Without loss of generality, we can assume r−ni B(oi, ri) is a fixed but very large
number, and that each ball Bi is chosen to have the smallest radius possible among all balls with
the same volume ratio in Mi .
Now one rescales so volume ratios are bounded (though very large) on a fixed scale, and
one takes a pointed limit at oi . The -regularity theorems are now available regardless of which
Sobolev inequality, (4) or (5), is used. The rescaled manifold becomes an ALE manifold with
curvature decay |Rm | = o(r−2). However due to Theorem 1.4 of [28] or Theorem 1.2 of [2], this
ALE space has a uniform upper bound on its volume ratio, which gives a contradiction. 
Theorem 4.4 (Orbifold compactness). Any family {Mα,Jα, gα}α∈A of extremal manifolds satis-
fying conditions (i)–(iv) of the introduction contains a subsequence {Mi,Ji, gi} that converges in
the Gromov–Hausdorff topology to a reduced compact extremal Kähler orbifold. Further, there
is a bound C1 = C1(Λ,CS,n) on the number of singularities, and a bound C2 = C2(CS,n) on
the order of any orbifold group.
Proof. In light of Theorem 4.3, the proof of Proposition 4.1 now goes through without assuming
condition (v). 
A corollary of our results is the following gap theorem, which is useful in making bubble-
trees. We state it here for convenience.
X. Chen, B. Weber / Advances in Mathematics 226 (2011) 1307–1330 1329Corollary 4.5 (Gap theorem). There exists an 0 = 0(n,CS) with the following property. As-
suming (M,g,J ) is an extremal Kähler orbifold (possibly nonreduced) and that∫
M
|Rm | n2  0,
then (M,g) is flat.
Proof. This is a result of Moser iteration, carried out on balls of arbitrarily large size, along
with the fact that singularities are of C∞-type, which is required so integration-by-parts goes
through. 
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